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Structure of the Course
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1. Introduction, principles of modelling environmental systems, mass balance in 
a mixed reactor, process table notation, simple lake plankton model
Exercise: R, ecosim-package, simple lake plankton model
Exercise: lake phytoplankton-zooplankton model

2. Process stoichiometry  Exercises: analytical solution, calculation with stoichcalc

3. Biological processes in lakes
4. Physical processes in lakes, mass balance in multi-box and continuous 

systems   Exercise: structured, biogeochemical-ecological lake model 
Assignments: build your own model by implementing model extensions

5. Physical processes in in rivers, bacterial growth, river model for benthic 
populations Exercise: river model for benthic populations, nutrients and oxygen

6. Stochasticity, uncertainty, Parameter estimation
Exercise: uncertainty, stochasticity

7. Existing models and applications in research and practice, examples and case 
studies, preparation of the oral exam, feedback



Goals
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• Review exercise 4 (chapter 11.4)

• Learn how to model the growth of bacteria (chapter 8.8)

• Know the most important transport and mixing processes in rivers 

and how to implement them in a model (6.1.2)

• Preview River Models (11.5-11.6)
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Review Exercise 4
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Pr c ubstanc / Organi ms 
HP02-

4 
NH+ 

4 N03 02 ALG zoo POMD POMI SPOMD SPOMI 
gP gN gN gO gDM gDM gDM gDM gDM gDM 

Growth of alga N03 + 1 

Gr wth of alga NH+ 4 + 1 

R piration of alga + + - 1 

D ath of alga 0/+ 0/+ 0/ + - 1 (1 - f r )YALG ,d at h JrYALG,death 

Growth of zo plankton 
- 1 

1 
(1 - fr)! frfe 

+ + 
Yzoo Yzoo Yzoo 

R piration of zo pl. + + - 1 

D ath of z plankt n 0/+ 0/+ 0/ + - 1 (1 - Jr)Yzoo,d eat h Jr Yzoo,d eath 

Nitrifi ati n - 1 + 

Oxic mineral. of org. part. + + - 1 

Ox. min. of org. part. in d. + + - 1 

Anox. min. of org. part. in d. + + - 1 

S d. f d g. org. part . - 1 1 

Sed. of in rt org. part. - 1 1 
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• Look at the mass balance for P and N. If there is a difference 
between input and output + accumulation, where does it come from? 
Hint: Have a look at the stoichiometric coefficients for anoxic mineralization

Questions to think about: 

• Why is it important that some stoichiometric coefficients are 

defined as 0/ + ? 

• How is the metalimnion represented by the model? 

• Look at the process rates of mineralization in the sediment. 

Why are they different than in chapter 8.57 



Review Exercise 4
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Questions to think about: 

• How is the meta li mn ion represented by the model? 

# Definition of links: 

# Exchange between epilimnion and hypolimnion: 

metalimnion <-
new (Class 

name 
from 
to 
qadv.spec 

qdiff.gen 

= "link" , 
= "Metalimnion" , 
= "Epi" , 
= "Hypo" , 
= list (C.POMD = expression (v.sed.PDM*A), 

C.POMI = expression (v.sed.PDM*A)), 
= expression (A/ h.meta*Kz)) 
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see p. 186f
chapter 8.5

Model 11.4

• Look at the process rates of mineralization in the sediment. 

Why are they different than in chapter 8.5? 

Pmine,,ox,POM = k mine, ,ox,POM,To . exp ( BAc (T - To )) • K Co,+ C • CpoM 
O 2,mmer 0 2 

k ( (3 (T rr ) ) Ko2,miner 
Pminer ,anox ,POM = Aminer ,anox ,POM,T0 • exp BAC - _1. Q • K . + C 

O 2,mmer 02 

Co-
3 • CpoM 

Ko- · + cNo-
3 ,m iner 3 

Prniner,ox ,SPOMD 

Pminer,anox,SPOMD 

( ) Co D s POMD 
kininer ,ox ,SPOMD,To • exp f3BAc(T - To) • K 2 + C K + D 
I~ (/3 (T ,.,-, )) 0 2,m inerCNo;°2 SPOM( ,miner ,sed Dsps:~:D ) 2 

rC:tniner,anox,SPOMD,To • xp BAC - .LQ • C • 
KNo -; ,miner+ NO-; K sPOM miner sed + D sPOMD 
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• Look at the mass balance for P and N. If there is a difference 
between input and output + accumulation, where does it come from? 
Hint: Have a look at the stoichiometric coefficients for anoxic mineralization

difference in 
concentrations or densities 
between the end and start 
of the simulations

Flux I Substances I Phosphorus (t/a) I Nitrogen (t/a) 

Input HP02- No-4 , 3 12.6 158 

Output RPO~- , NO3, NHt 9.3 127 
ALG, ZOO, POMD, POMI 1.2 11.5 

Accumulation RPO~-, NO3, NHt 1.2 -7.4 

ALG, ZOO, POMD, POMI 0.0 0.1 
SPOMD 0.0 0.2 
SPOMI 1.0 8.6 

Loss Denitrification of NO3 0.0 18.0 
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• Look at the mass balance for P and N. If there is a difference 
between input and output + accumulation, where does it come from? 
Hint: Have a look at the stoichiometric coefficients for anoxic mineralization

Proc ss Substanc s / Organisms Rat 
H+ 

4 
o -

3 2 HP02-
4 Hco-3 

H+ H20 POM 

gN g gP gC mol mol gDM 

Anoxic miner. + + + ? ? - 1 Pminer ,anox,POM 

Tabl 8.6: Proc ss tabl of anoxic min ralization. 
> rint round nu 3 

C.NH4 C.N03 C.N2 C.H P04 C. HC03 C.02 C. H C.H20 C.ALG C.ZOO C.POMD D.POMD C. POMI D. POMI 
gro . 
gro .ALG.N03 0.000 -0 . 060 0 . 000 - 0 . 00 5 - 0 . 36 5 1 . 211 - 0 . 035 - 0.002 1 0 0 . 000 0 0 . 000 0 
re s p .ALG 0.060 0 . 000 0 . 000 0 . 00 5 0 . 36 5 - 0 . 937 0 . 026 -0.002 -1 0 0 . 000 0 0 . 000 0 
death .ALG 0.017 0.000 0 . 000 0.000 0.027 0.018 0.001 0.006 -1 0 0. 571 0 0.143 0 
gro . ZOO 0. 180 0.000 0 . 000 0 . 008 0.992 - 2.417 0 . 070 0.003 -5 1 0.800 0 0.200 0 
resp . zoo 0.060 0 . 000 0 . 000 0 . 010 0 . 360 - 0 . 930 0 . 026 - 0.002 0 - 1 0 . 000 0 0 . 000 0 
death .zoo 0.014 0 . 000 0 . 000 0 . 00 5 0 . 000 0 . 088 - 0 . 001 0.007 0 - 1 0 . 609 0 0. 152 0 
ni t r i - 1. 000 1 . 000 0 . 000 0 . 000 0 . 000 - 4 . 571 0 . 143 0.071 0 0 0 . 000 0 0 . 000 0 
miner .ox . POM 0 . 060 0.000 0 . 000 0.007 0.473 - 1. 338 0.036 - 0.011 0 0 -1. 000 0 0.000 0 

miner . anox .POM.sed - 1 0 . 000 0 
se .POMD 
sed.POMI 0.000 0 . 000 0 . 000 0 . 000 0 . 000 0 . 000 0 . 000 0 . 000 0 0 0 . 000 0 - 1. 000 1 
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Sensitivity Analysis
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Sensitivity Analysis
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Benthic Foodweb
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Benthic Foodweb

21Kattwinkel et al. 2016 ES&T

feeding links
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Transport Processes in a River
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► inflow 

exchange of radiation, heat, momentum and gases 

i sedimentation 

► transport/mixing 
-c: ► 

resuspension, detachment, drift 

► 
outflow 



Decomposition of Organic Material
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Heterotrophic organisms, such as bacteria and fungi are responsible 

for the decomposition of organic material. 

So far, this was only considered implicitly when modelling 

mineralization. 

We wi ll now describe the overall process of mineralization of 

organic partic les as hydrolysis of the particles to dissolved organic 

matter, growth of heterotrophic bacteria, and final ly death and 
respiration of the bacteria. 



Classification of Growth Processes
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Also mixotrophic organisms exist: 

Wikimedia-Commons CC BY-SA 3.0 or 4.0

sea slugciliates carnivorous plants spotted salamander

energy source 

light: photo-
redox proc.: chemo-

electron donor 

organic comp.: 

inorg. comp.: 

organo
litho-

carbon source 

organic comp.: hetero-
inorg. comp. : auto-

Algae and macrophytes: photolithoautotrophic 

chemoorg a noheterotroph ic 

chemolithoautotroph ic 

H eteroph ic bacteria: 

N itrifiers: 

You: 7 



Growth of Heterotrophic Bacteria
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Stoichiometry: 

Process 

Oxgro. HET NH4 

Oxgro. H ET N03 

Anoxgro . H ET 

Constraints: 

Substances / Organisms Rate 
NH! N03 N2 HPO~- HC03 02 H+ H20 DOM HET 
gN gN gN gP gC gO mol mol g gDM 

7 7 + 7 7 
1 

-- 1 Pgro,HET ox 
YH 

7 7 + 7 7 
1 

-- 1 Pgro ,HET ox 
YH 

+ 7 + 7 7 
1 

-- 1 Pgro ,HET ,anox 
YH 

Vgro HET ox, H4 HET + Vgro HET,ox H4 DO f YHET = Q 

Vgro HET,ox, 03 HET + Vgro ,HET,ox, 03 DOMYHET = Q 

Vgro HET,anox, H4 HET + Vgro HET,anox, H4 DOMYHET = Q 

H4 

03 



Growth of Heterotrophic Bacteria

26[ ... ] if the corresponding stoichiometric coefficients are negative

Process rates for oxic growth: 

pgro,H ET ,ox N03 = kgro ,H ET)ox • exp(/3BAc (T - To)) [ · ~ 03 C ] 
p H 4,H ET H 4 + 03 

. ( G n oM Go2 · min --------, -------, 
KnoM,H ET + G n oM K o2 ,H ET + Go2 

[ K HP04 ~::: C HPOJ ' [KN H~;:
4

; ~ 4 ~
3 
CNo3 ]) • C HE 



Growth of Heterotrophic Bacteria
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Process rates for anoxic growth: 

( ) 
Ko2 HET 

P gro ,HET,anox = k gr o ,HET anox . exp /3BAc (T - To ) • K + C 
02 ,HET 02 

• ( C ooM C 03 [ CHP04 ] ) 0 ·ffilil --------- -------- --------- · HET 
KooM HET + GooM KNo3 HET + C 03 KHP04 HET + C HP04 



Growth of Nitrifying Bacteria
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Nitrification is mediated by nitrifying bacteria. 

Different organisms are responsible for the two steps of 
nitrification: 

• Nl: First step of nitrification from ammonium to nitrite 

( e.g. Nitrosomonas) 

• N2: Second step of nitrification from nitrite to nitrate 

( e.g. Nitrobacter) 



Growth of Nitrifying Bacteria
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Stoichiometry: 

Process Substances / Organisms Rate 
NH+ 

4 
NO -

2 No- HPO2- Hco- 0 H+ 
3 4 3 2 H2O Nl N2 

gN gN gN gP gC gO mol mol gDM gDM 

Growt h of Nl 
1 

7 7 --- + 1 Pgro Nl 
Yi 1 

Growth of N2 
1 

7 7 --- + 1 Pgro,N2 
YN2 

Rates: 

Pgro,Nl = kgro , 1,To • exp (,a i(T - To )) 

( C H 4 C o2 C HP04 ) 
• min _K_ H_ 4_,-n-it-ri_+_ c_ N_ H_4 ' K 02,n i t ri + C o2 ' K HP04,ni tri + C HP04 • C l 

Pgro,N2 = kgro , 2,To • exp (,a 2(T - To )) 

· min -------- ------- --------- · C 2 . ( C 02 C o2 C HP04 ) 

KN02 ,nitri + C N02 Ko2 ,nit ri + C o2 ' K HP04 nitri + C HP04 



Question to think about
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What are advantages and disadvantages of modelling 
heterotrophic and nitrifying bacteria explicitly?



Transport and Mixing in Rivers
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Overview of substance transport and m1x1ng processes in rivers 

under steady-state hydraulic conditions: 

• the estimation of average flow velocity and water depth 

• vertical mixing 

• lateral mixing 

• longitudinal transport and dispersion 



Transport and Mixing in Rivers

We often know the geometry and discharge of a river, 

but we have to estimate the average flow velocity and water depth

32

What do you think:

What affects the flow velocity in a river?

What affects the water depth?



Transport and Mixing in Rivers
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Steady-state hydraulics: average flow velocity v and water depth h 
depend on discharge Q and the geometry of the river bed. 

z 

X 

So == _ dzB 
dx 

ZB: vertical coordinate of the river bed , x : distance along the river , 
St : non-dimensional friction force , S0 : slope of the river bed , m : mass , 
g : gravitational acceleration 



Transport and Mixing in Rivers

34

Friction is caused by surface roughness and irregularities of the 

river bed, by irregularities in channel geometry, obstructions, 

vegetation and curves. 

All these causes generate dissipation (loss of kinetic energy in the 

open system due to conversion into heat). 

This is a very complex process that cannot be accounted for 

mechanistically in simple, one-dimensional models. 

To estimate the friction force, we use a simple parameterization as 

a function of averaged flow quantities, geometry of the riverbed 

and surface roughness. 
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Darcy-Weisbach Strickler Manning

Friction force made non-dimensional by division through the 

gravitational force of the fluid, formulation after Darcy-Weisbach 

and Manning-Strickler. 

f l Q2 
sf == ---

8g R A2 

1 1 Q2 2 1 Q2 

Sf= K'ft R 4/3 A2 = n R 4/3 A2 
1 

n == -
K st 

f : non-dimensional friction-factor , Q: discharge , A: wetted 
cross-sectional area, R: hydraulic radius (A divided by wetted perimeter) , 
K st : Friction coefficient according to Strickler , n: friction coefficient 
according to Manning 
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A

for a wide rectangular river bed:   𝑃𝑃 = 𝑤𝑤 + 2ℎ ≈ 𝑤𝑤 𝑅𝑅 =
𝐴𝐴
𝑃𝑃 ≈

𝐴𝐴
𝑤𝑤

𝑆𝑆𝑓𝑓 = 𝑆𝑆0

Assumption: prismatic river reach, constant friction, no backwater:

cross-sectional area A 
hydraulic radius R = 

wetted perimeter p w+2h 
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with
non-dimensional friction force Sf
Strickler coefficient Kst, 
hydraulic radius R, 
discharge Q,
cross sectional area A, 
wetted perimeter P,
river width w,
flow velocity v,
slope S0

𝐴𝐴 =
𝑄𝑄
𝑣𝑣

𝑅𝑅 =
𝐴𝐴
𝑃𝑃
≈
𝐴𝐴
𝑤𝑤

;

𝑆𝑆𝑓𝑓 =
1

𝐾𝐾𝑠𝑠𝑠𝑠2
1

𝑅𝑅4/3
𝑄𝑄2

𝐴𝐴2

𝑆𝑆0 =
1

𝐾𝐾𝑠𝑠𝑠𝑠2
1

𝑄𝑄
𝑣𝑣
𝑤𝑤

4/3
𝑄𝑄2

𝑄𝑄
𝑣𝑣

2

𝑣𝑣 = 𝐾𝐾𝑠𝑠𝑠𝑠 𝑆𝑆0
3
5 𝑄𝑄
𝑤𝑤

2
5

substituting:

solving for 𝑣𝑣 :

𝑆𝑆𝑓𝑓 = 𝑆𝑆0;

(-) (-) 

( rr(-r 



Transport and Mixing in Rivers

38

Kst=1/n

similar for Darcy-Weissbach and Manning equation:

( 8g Q) ~ 
v = 7S0 w (Darcy-Weissbach) 

~ (Q); (✓,So)~ (Q); v = ( Kstl"So) 5 w = n w (Strickler-Manning) 

h == _9_ 
WV 
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Estimation of the Manning coefficient:

Category Property Contribution to friction 

Surface material earth n 1 = 0.020 s/m 1 / 3 

of the river bed fine grave l 0.024 s / m 1/3 

coarse grave l 0.028 s /m1/3 

Irregu larities smooth n 2 0.000 s/m 1 / 3 

of the river bed minor 0.005 s / m 1/3 

moderate 0.010 s / m 1/3 

severe 0.020 s / m 1/3 

Variation of shape gradua l n 3 0.000 s / m 1 / 3 

of the cross-section occasiona l 0.005 s/m 1/3 

freq uent 0.010 - 0.015 s / m 1/3 

Obstruct ions in negligib le n 4 = 0.000 s / m 1 / 3 

the river bed minor 0.010 - 0.015 s/m 1/3 

appreciable 0.020 - 0.030 s / m 1/3 

severe 0.040 - 0.060 s / m 1/3 

I Vegetation none n 5 0.000 s / m 1 / 3 

low 0.005 - 0.010 s / m 1/3 

medium 0.010 - 0.025 s / m 1/3 

high 0.025 - 0.050 s / m 1/3 

very high 0.050 - 0.100 s / m 1/3 

Effect of curves minor n 6 0.000 s / m 1 / 3 

appreciable 0.15 ~~ n i 
i = 1 

severe 0.30 ~ -- n i 
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River Glatt 

With a mean width of abo ut 16 m, a slope of 0.34 % and a discharge of 4 
m3 / s we get the following values for mean flow velocity and mean depth: 

winter summer 

n1 0.028 s/ ml/3 n1 0.028 s/ ml/3 

n2 0.005 s/ ml/3 n2 0.005 s/ ml/3 

n3 0.000 s/ ml/3 n3 0.000 s/ ml/3 

n4 0.000 S ml/3 n4 0.000 S ml/3 

ns 0.010 S ml/3 n 0.050 S ml/3 

n5 0.000 s/ ml/3 n6 0.000 s/ ml/3 

n 0.043 s/ ml/3 n 0.083 s/ ml/3 

I <st 23 ml/3 / s Kst 12 ml / 3 / s 

winter summer 
V 7 m/ s 7 m/ s . . 

h 7 m h 7 m 
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River Glatt 

With a mean width of about 16 m, a slope of 0.34 % and a discharge of 4 
m13 / s we get the fo llowing va lues fo r mean flow ve locity and mean depth : 

winter 

n 1 0.028 s/ ml/3 

1 2 0.005 s/ ml/ 3 

n 3 0.000 s/ ml/ 3 

1 4 0.000 s/ ml/ 3 

n 5 0.010 s/ ml/ 3 

1 6 0.000 s/ ml/ 3 

n 0.043 s/ ml/3 

Kst 23 ml/ 3 / s 

winter 
0.68 m/ s 

h 0 . .36 m 

n 1 

n 2 

n 3 

n 4 

ns 
n 5 

summ1er 
0.028 
0.005 
0.000 
0.000 
0.050 
0.000 
0.083 

12 
summer 

s/ ml/3 
s/ ml/ 3 
s/ ml/ 3 
s/ ml/ 3 
s/ ml/ 3 
s/ ml/ 3 
s/ ml/3 
ml / 3 / s 

0.46 m1/ s 
h 0.54 m i 
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Tages-Anzeiger - Donnerstag, 24. Mai 2012 

Zurcher Unterland 

Das Mahbooc kommc aus Holland, der BoocsfOhrer brauchc <.lafOr eine Exrraprofung. Srundenlangscehen die M~nner mic iluen Sensen im Wasser. Fotos: Sibylle Meier 

Mit Boot und Sensen die Glatt mahen 
Dieses Jahr ist der Wasserhahnenfuss besonders stark gewachsen. Zwolf Arbeiter stutzen nun bei Opfikon 
das Gras, um Hochwasser zu verhindern. 

Von Andreas Frei 
Opfikon - In grossen Ballen treibt der ab
gemahce Wasserhahnenfuss die Gian hi
nunter in Richtung Flughafen. Auf der 
Hohe des Opfiker Werkhofs wird das 
Gras mit einer Maschine auf eine Fluss
seite in ein aufgestelltes Giner getrie
ben. Dore holt Hermann Meier, Betriebs
leiter Gewasserunterhalt in Oberglatt. 
die Pflanzenteile mic einer riesigen Greif
zange aus dem Nass. 

vom Hahnenfuss befreien. Sie sind beim 
Ame fur Abfall, Wasser, Energie und Luft 
(Awe!) des Kamons angescellc. Fiir die 
Hahnenfussencfernung arbeicen sie mic 
den Opfikern zusammen. 

Sechs Meter langes Gras 
Ein paar Hunderc Meter vom Auffang
gircer encfernt maht Albert Spuhler das 
Gras mit einem Spe.zialboot, das am 
Bug einen drei Meter breiten, T-formi-

Bei einem Wasserfall neben der abge
brannten Holzbriicke kommc das Booe 
niche mehc weiter. Auch don staut sich 
der Hahnenfuss bereits in grossen Men
gen und muss spacer mit einem Spezial
kran emfernc werden. 

Flussaufwarts ma.hen drei weitere 
Werkarbeicer. Ruedi Meier, Remo Boss
haTd und Andreas Perren stehen mitten 
in der Gian und riicken dern Hahnen
fuss nur mit ihcen Sensen zu Leibe. 

wires vorziehen mussten.)} Weshalb das 
so ist. sei nkht klar. «Temperatur. Was
serhiihe und Licht haben einen Einfluss. 
Wieso es jeczc aber bei ecwa gleichen Vo
raussetzungen viel mehr Gras als letztes 
Jahr hat, konnen wir niche erklaren.» 

Hahnenfuss 
Hochwassergefahr durch Pflanze 
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• Advection : di'rectional transport with the water flow 

• O,iffusion: spreading of mass from highly concentrated areas 

to less concentrated areas due to undi'recti'onal motion ; 

Molecular diffusi'on (caused by Brownian motion) 

Turbulent diffusion (caused by turbulence eddies) 

• O,isp,ersion: spreadi'ng of mass f rom hi'ghly concentrated areas 

to less concentrated areas due to differences in flow velocity 

at different flow paths and mi'xing between the flow paths by 

diffusion 
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• • • • • I • • • • . , I • , . • • ,. 

(1 ) • . , • ·• • . , . , • . , ,. • • • • • • . , • . , • • • • ,. , . • • . , • . , 

. , • • , . • . , • • 
(,2 ) • • ,. , • • • I • • • • ,. . , 

• I • • , . . , . , 

• • I. I . , 1. , 

• • . I • • • • • • • , . • • • • (3) • • • • 1. , • • • . , , . • • • • • ,. • ,. , • • . , . , • , . ,. • ,. , ,. , 
,. 1 
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11111 



Transport and Mixing in Rivers

46

x
y

z

Simple est imate of d ispersa l of a substance t ransported in a ri ver 

using ana lyt ica l so lutions of t he transport equat ion . 

s ·mplify ing assu m1ptions: 

• consta nt flow velocity in t ime and across r iver cross-sect ion 

• consta nt vert ica l tu rbulent diffusion coefficient l ( z 

• consta nt lat eral! diffusion and dispersion coefficient y 

T ransport equat ion : 

! __________ _ 
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x
y

z

Assumption : Substance enters the river homogeneously spread over 

the river width , lateral dimension can be omitted : 

8C - K cPc 
ox - z 8 2 

Analytical solution for a substance entering the river at the water 

surf ace and no considerable concentration reaching the river bed: 

J 1 2 1 ( ( - o)2) 
C ( x y ) = w v J21r er z ( x) exp - 2a z ( x) 2 cr2 (x) = j 2K2 ~ 

J : mass flux of the substance entering the r iver at its su rf ace , w : river 
width . n : z-coordinate of the river surf ace . 

l . . . • • . . • . • . 
• • • • • • • • -----~------
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For longer d ist ances along t he ri ver , t his so lution must be ext ended 

t o 

J l 2 1 CX) ( ( - o - 2 • nh )2 ) 
C( y ) = w v y21r O"z(x) n L = exp - 2o-z(x)2 

Considerat ion of the increase in concentrat ion due to the no-flux 
boundary cond it ion at the river bed . Because of the qu ick decrease of the 
exponential fu nction , in most s·tuations on ly a sma ll number of terms 
must be considered in this sum . 
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x
y

z

Mlixing distance: 

Horizonta l d istance, after wh ich the substance 1s nearl y 

homogenously mi'xed over the depth of the r iver 

Defini'ti'on : d istance, after wh i'ch the standard devi'at ion az( ) of 

the verti ca l su bstance dist ri but ion is equa l to the depth of the ri ver. 

l . . • • . . • . • . 
• • • • • • • • • -----~------
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Est imation of the coefficient of ve rt ica l tu rbu lent d if fus ion , K z : 

To ~ pghSo 

u* = f! u* ~ /ghSo 

K 2 ~ !,-w*h ~ 0.07u*h 
,6 

To: bottom1 shear stress, p : density of the flowing med iu m, 
g: graviationa l acce leration , h : water depth, S0: river slope 1 

u * : shear ve locity, "' ~ 0.4 : Karman constant 
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𝐾𝐾𝑧𝑧 ≈
1
6 ∗ 0.4 ∗ 𝑔𝑔ℎ𝑆𝑆0 ∗ ℎ 𝑠𝑠𝑚𝑚𝑚𝑚𝑚𝑚,𝑧𝑧 ≈

ℎ2

2𝐾𝐾𝑧𝑧
𝑣𝑣 with g = 9.8067 m/s2

?
?

?
?

River Glatt 

W ith a mean width of about 16 m, a slope of 0.34 % and a discharge of 4 m3 / s 

mix z 

winter 

0.68 m/ s 
0.36 m 

V 0.46 m/ s 
h, O.S4 m 1 

mix z 

Simi lar resu lt for mix 2 : difference in mix ing coefficient part ly 
compensated by difference in wate r depth . 

✓ 
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𝐾𝐾𝑧𝑧 ≈
1
6 ∗ 0.4 ∗ 𝑔𝑔ℎ𝑆𝑆0 ∗ ℎ 𝑠𝑠𝑚𝑚𝑚𝑚𝑚𝑚,𝑧𝑧 ≈

ℎ2

2𝐾𝐾𝑧𝑧
𝑣𝑣 with g = 9.8067 m/s2

River Glatt 

W ith a mean width of about 16 m, a slope of 0.34 % and a discharge of 4 m3 / s 

mix z 

winter 

0.68 m/ s 
0.36 m 

0.0028 m2 / s 
17 m 

V 0.46 m/ s 
h, O.S4 m 1 

0.0051 m12 / s 

mix z 14 m1 

Simi lar resu lt for mix 2 : difference in mix ing coefficient part ly 
compensated by difference in wate r depth . 

✓ 
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x
y

z

Assumption: Substance enters the river well mixed over the river 

depth , vertical dimension and time dependence can be ignored: 

fJC 82C 
V fJx = ey fJy2 

Analytical solution for a substance entering the river at its bank 

and no considerable concentration reaching the other bank: 

C(x y 

J : mass flux of the su bstance entering the river at its bank , h: water 
depth, y0 : y-coordinate of th is bank 

• • •• • • • • • • • • • 
• • • 

• • • • 
• 
• 

• • 
• • • 

! _ _ ________ _ 
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Lateral Mixing

For longer flow distances along the river, the no-flow boundary 

condition at the other bank must be taken into account and the 

solution must be extended: 

C(x y ) _ Jl 2 1 " ~ ( (y - yo - 2- nw) 2) -------- ~ exp -
h v J2iray(x)n=- 2ay(x)2 

Due to the fast decrease of the exponent ial function, in most cases 

only a sma 11 number of terms must be considered in th is sum . 
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Lateral Mixing

Estimation of the lateral extension of the substance distribution 

( close to the point of entrance into the river) : 

Estimation of the maximum concentration with a rectangular 

distribution with half of this width : 

. J 1 
Cmax ::::::; --------

h 1n in (a y(x) w) 
J 1 

Far from the input site, the maximum concentration is equal to the 

concentration after complete mixing across the cross-sectional area . 
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Lateral Mixing

x
y

z

Lateral! mixing distance: 

Distance along the river, after which the substance is nearly 

homogeneously mi'xed i'n lateral di'rection 

Definition : distance, after which the standard deviation a y( ) of 

the lateral substance distribution is equal to the river width . 

Smix y ~ 

• • • • • •• • • • • • • 
l • • • • • 

w 2 

2 y 

• 
• 

• 

• 
• 

• 
• • 

• • 

• • • .. • • • • 
• 



Lateral mixing

58

Lateral Mixing

For longer flow distances along the river, the no-flow boundary 

condition at the other bank must be taken into account and the 

solution must be extended: 

C(x y ) _ Jl 2 1 " ~ ( (y - yo - 2- nw) 2) -------- ~ exp -
h v J2iray(x)n=- 2ay(x)2 

Due to the fast decrease of the exponent ial function, in most cases 

only a sma 11 number of terms must be considered in th is sum . 
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Est imat ion of t he coefficient of I atera I turbu lent d if fusion pl us 

d ispers ion y: 

To ~ pghSo u* ~ VghSo 

0 ~ 0.6 

l (x : coefficient of horizonta l turbu lent dif fu sion, l (y : coefficient of latera l 
t urbulen t d iffusion , 0K : proportionality factor for lat eral turbu lent 
dif fu sion , u * : shear ve loc ity, h: water depth , 0e: proport ion a I ity factor for 
latera l tu rbu lent diffus ion plus d ispers ion 
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River Glatt 

W ith a mean w idth of about 16 m1 a slope of 0.34 % and a discharge of 4 m3 / s 

e y 

Smix ,y 

winter 

0.024 m2 / s 
3600 m 

e y 

Smix ,y 

summer 

0.043 m2 / s 
1400 m 

Note that mix ing distances in a river w ith a width of 16 m can already be 
of considerab le length . T his must be considered when tak ing water 
samp les downstream of tributaries or po llutant d ischarge sites. 
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- ;. .:. ---
/ , · ~ ... ■ ,.__, _ 
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Simple estimate of longitudina l dispersa l of a substance 

transported 'i n a r'iver using ana lyt'ica l solutions of the 

one-dimens'iona l transport ( advections-dispersion) equation. 

l3C aC 82G 
- == - v . + E 
at ax ax 2 

E x: coeffic11ent of longitudina l dispersion, mean flow vellocity 
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Solution of the transport equation for a pulse input of mass m: 

C (x t) == -----exp -----m 1 1 ( ( - v t ) 2 ) 
hw ~ ax(t ) 2a (t )2 • 

w : width of the river, / : mean water depth, : mean flow ve loc·ty, 
E x: longitudi na l dispersion coefficient 
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Est imat ion of t he longit ud inal dispersion coeffic ient Ex 

w 2 2 

Ex ~ CJ h 
u * 

CJ ~ 0.011 

• Dispersion increases w ith increasing ve locity differences across the 
nver 

• Dispersion increases w ith increasing w idth of the river , because of 
decreasing lateral m1ixing 

• Dispersion decreases wi t h lat era l t urbu lent dif fus ivity (u*h ) , as this 
increases mixing across the river 

w : width of the river, : mean flow vellocity, u* : shear velocity, h : mea n 
wat er dept h, Cf : non-dimension all proport iona lity factor 



Transport and longitudinal dispersion

67

Estimation of the position of the pulse: 

I x ~ vt l 

Estimation of the length of the pulse 

Estimation of the maximum concentration (rectangular pulse with 

half of th is length) 

m 1 
Cmax ::::: hw 2cr (t) 
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River Gllatt 

winter 

33 m2 / s 

T he significant ly stronger mixing across the width of the river reduces 
longitudinal d"spersion considerably in summer compared to the w inter 
situat ion. Note that the !length of the pu lse depends on ly on the squa re 
root of E x. 
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Transport and longitudial dispersion in a box model: 

IMany simple models of rivers approximate the river by a sequence 

of mixed reactors . The distance along the river is divided into 

sections of length .6.x . The volume V of the reactors can be 

described by: 

V == wh.6.x 

!Mixing within these boxes results in longitudinal dispersion with an 

equivalent dispersion coefficient given by: 

Th is effect is cal led II numerical diffusion 111 • 
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Benthic Population, O, N, P in a River
Al

ga
e

H
et

. B
ac

N
1

N
2

Process Substances / Organisms Rate 
HPo2 - NIH + No - No -

4 4 2 3 02 DOM SALG SHET SNl SN2 SPOM 
gP gN gN gN gO g gDM gDM gDMgDM gDM 

Growth of alg. NH4 + 1 Pgro S ALG H4 

Growth of alg. N03 + 1 P gro S ALG 03 

Respiration of allgae + + - 1 Presp , SALG 

Death of algae O/+ O/ + O/+ - 1 YALG death Pdeath S ALG 

- 1 
Growth het. b. NIH4 7 ? 1 Pgro S H ET H 4 

YH ET 
- 1 

Growth het. b. N03 ? 7 1 P gro S HET 03 
YH ET 

Resp. of het. bact. + + - 1 Presp,SHET 

Death of het. bact. O/+ O/ + O/ + - 1 YH ET death Pdeat h S HET 

- 1 
Growth of Nl + 1 P gro S 1 

Yi 1 
Resp. of Nl + + - 1 Presp , S 1 

Death of Nl 0/+ O/ + O/ + - 1 Yi 1 d eath Pdeat h S 1 
- 1 

Growth of N2 + 1 P gro S 2 
YN2 

Resp. of N2 + + - 1 Presp , S 2 

Death of N2 0/+ 0/ + 0/ + - 1 Yi 2 death Pdeat h S 2 

Hydrolysis O/+ O/ + O/ + Yhy d - 1 Phyd 
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1. Introduction, principles of modelling environmental systems, mass balance in 
a mixed reactor, process table notation, simple lake plankton model
Exercise: R, ecosim-package, simple lake plankton model
Exercise: lake phytoplankton-zooplankton model

2. Process stoichiometry  Exercises: analytical solution, calculation with stoichcalc

3. Biological processes in lakes
4. Physical processes in lakes, mass balance in multi-box and continuous 

systems   Exercise: structured, biogeochemical-ecological lake model 
Assignments: build your own model by implementing model extensions

5. Physical processes in in rivers, bacterial growth, river model for benthic 
populations   Exercise: river model for benthic populations, nutrients and oxygen

6. Stochasticity, uncertainty, Parameter estimation
Exercise: uncertainty, stochasticity

7. Existing models and applications in research and practice, examples and case 
studies, preparation of the oral exam, feedback



Homework

• Read Chapters 11.5 and 11.6 about the river model

• Think about your questions regarding this lecture
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